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Chapter 1

Preliminary

1.1 Beta Distribution

Let’s begin with the simple binary distribution,
Pa=1)=pu,Plz=0)=1—p (1.1.1)
then,
Pz)=p' "1 = p)t=® (1.1.2)

In Bayesian settings, given a binary likelihood, we’re going to compute the
posterior as follows:

Pa|m)P(p)

(@) x P(zlm)P () (1.1.3)

P(ulr) =
For convenience, we construct a conjugate prior P(u) with form:

P(p) oc p*(1 = p)® (1.1.4)

Then, we construct the following proir, which is a conjugacy of binary dist.,
called Beta Dist.:

T(a+b) .4 b—1
B = —— 7 (1 - 1.1.
eta(pla, b) " (1= p) (1.1.5)
with w(x)z/ u” e du (1.1.6)
0
It’s easy to check that:
a
E[Bet b)] = 1.1.
[Beta(pla, 0] = (117
ab
Var(Beta(ula,b)) = (1.1.8)

(a+b0)2(atb+1)
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1.2 Dirichlet Distribution

It’s natural to extend the binary dist. to the multinomial case, e.g. there are K
clusters in a dataset (K > 2). Let’s say o € 0,15 and 3, ) = 1, then,

Plal) = T g (1.2.1)
In N observations, we observe Mj, datapoints lie in the k" cluster, then a

multinomial distribution is described as follow:

N!

Mult(mq, ..., mg|N, p) =
(m1 kI, 1) mal.mg I pi*

(1.2.2)

The same as before, to construct a conjugate prior for multinomial dist., we
assume the prior has the following form:

P(p) o Ty~ (1.2.3)
StO< e <1, =1 (1.2.4)
k

Then we obtain the prior by normalization, which is called Dirichelet distribu-
tion:

) 7(ao) o

Dir(ulay, ..., ax) = mnkﬁlukk ! (1.2.5)
with ag =Y ay (1.2.6)

k

Thus, posterior:

Pul, )  P(a|u)P(ula) (1.2.7)
oc T pugetme =t (1.2.8)
— P(p|z, o) = Dir(u|a+ m) (1.2.9)

1.3 Gaussian Distribution

Definition 1.3.1 (Gaussian).

N(zlp,0) = E|exp<—1><x — TS (- )

1
(2m)% 2

Theorem 1.3.1. Given p(Y—X) and p(X), then

E[Y] = ExEy[Y|X] (1.3.1)
Var(Y) =Ex[Var(Y|X)] + Varx (E[Y|X]) (1.3.2)

Proof.

1. E[Y] is easily derived by towel theorom.
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2.
Var(Y) = E[(Y — E[Y])(Y - E[Y])"]

=E[Y — E[Y]+Ex[Y|X] ExE[Y|X])

(Y — E[Y] + Ex[Y|X] - ExE[Y|X])"]

Ex[Eyx[(Y - E[Y|X])(Y - E[Y|X])"
+ (E[Y|X] - E[Y]))(E[Y|X] - E[Y])"
T 2(Y — BIY|X))(BIY|X] - BY))T]

=Ex[Var(Y|X)]+

Ex|[(E[Y|X] - E[E[Y|X])(E[Y]|X] - E[E[Y|X])"]

=Ex[Var(Y|X)] + Varx (Ev[Y|X])

Theorem 1.3.2 (Gaussian marginal and conditions). Given, p(x)

and p(y|r) = N(y|Az + b, L™1), then,

p(y) = N(z[Ap+b,L7" + AN AT)
plaly) = N(y[S(AT Ly — b) + Ap), %)
where ¥ = (A + ATLA)™!
Proof.

1. It is clear that y is Gaussian, then by theoren(I.3.1}
Ely] = EyEx[ylz] = Ap+b
Varly] = Ex[L 7Y + Varx (Az + b)
= L'+ E[A(z — p)(z — )T AT]
=L '+ ANTTAT

p(zly) < N(y|Az + b, L™ ")N(z|p, A1)

= N(z|p, A

O

occapl(y — Ao ~0)"Lly = Az = 1)+ (o = )T Alo — )

o exp(zT (ALA+ Az + 26T LA —yTLA — T
oc exp((z —m)TE 7 (z —m))
with m = S(ATL(y — b) + Ap) and ¥ = (A + ATLA)~!

1.4 Periodic Variables

Consider an univariate 6, s.t.

P(6) >0

/ " @) =1
0
P8+ 27) = P(6)

A)z)

(1.4.1)

(1.4.2)

(1.4.3)
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Suppose 6y is an origin, with radius ry. We’re going to construct the prob.
P by transforming the probability distribution from Cartesian coordinates to
Polar coordinates.
Consider a 2-D gaussian with mean (u1, p2), 0 covariance and same variance
o2 ie.
(1 — pu)? — (22 — p2)®

1
P(xq1,29) = %ea:p(— 572 ) (1.4.4)

Then, with (2z1,29) = (rcos@,rsinf) and (u1, ue) = (rgcosby,rosinby), it’s
easy to compute that,
1 To

P(0) x P(x1,22) = %exp(7 cos(f — 0p) + const) (1.4.5)

Then, we obtain the von-Mises distribution as follow,

P(0)6p,m) = exp{mcos(6 — 6y)} (1.4.6)

1
27r[0(m)

1 27
where Iy(m) = %/ exp(mcosd)dl,is the Bessel Function — (1.4.7)
0

1.5 Laplacian Approximation

Given a density p(z), our goal is to find a gaussian ¢(z), such that ¢(z) is an
approximation of p(z). In other words, we want to find:

A(z — 20)

) (1.5.1)

p(z) ~ q(z) = cexp(—

A(z — 2p)

5 (1.5.2)

< Inp(z) ~ const —

It’s easy to notice that, finding the const and A is equivalent to figure out
the 2nd order Taylor expansion of p(z) at zg, where p'(z9) = 0. And thus,

Inp(z) ~ Inp(zo) + w(z — 29)? (1.5.3)
— 4= (15.4)

Thus,
() = Nz, A7) = p(2) (155)

. d d?
with ilnp(zﬂz:zg =0and A= —@lnp(zﬂzzz0



Chapter 2

Linear models for
Regression

2.1 Intro

Given D = (zy,, yn)ﬁ[:l, we expecty = w? ¢(x), where w is learnable param and
¢ is called basis function.

1. Decision-making perspective - Least Square:
N

IIEII % ;(ngZ)(xn) —yn)?

2. Statistical perspective - MLE:
suppose y = w’ ¢(x) + ¢,e ~ N(0,0%)]
— max P(D|w) = N(w? ¢(z),0?)

Then,
w=(T®) 1aTy
with @ = [(z1), ..., p(zn)]"
2.2 regularization

{1. Optim - lagrange: min L(w) + A||w||

2. Stats - bayesian reg: with a prior, maximize a posterior

1. L1: sparse solution, laplacian prior
2. L2: gaussian proir

—w=W\+0Te) 1Ty (2.2.1)
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2.3 Bayesian view for Ridge Regression

In Bayesian view, we suppose the responses are given by f(z) = w?¢(z) + e,
where € ~ N(0,0?) and prior w ~ N(0,a”'I). Then, we have p(y|r,w,3) =
N(y|lwT ¢(x), 371, Thus, the posterior is given by:

p(ID, @, 8) = T p(yaln, w0, B)p(wla)
— N(ylw, 1) N (w],0,a711))

x exp{%(ﬁ(y — W)’ (y — dw) — 26w Py + aw’w)}

= exp{%(wT(ﬁq)Tq) + al) — 2Bwh dy)}

x exp{%(w —m)'S 7w —m)} (2.3.1)
Thus,

p(w|D, , B) = N(w|m, %) (23.2)
where ¥ = (BT ® 4+ al)~! and m = Zdy

Therefore, w is optimized by maximizing a posterior(MAP), which is equiv-
alent to ridge regression.

Besides, the hyperparams « and £ could be optimized by maximizing the evi-
dence p(D|a, 8) = [ p(D|w, B8)p(w, a)dw, which is easy as p(D|a, 8) = N(y|0, 3~ I+
a~1®dT)(by Gaussian margins).

Choosing the optimal hyperparams «* and 8*, then the prediction of a new
input is:

p(y'|x’,D,*,ﬁ*)=/ (|2, w, B)p(w|D, a*, B*)dw

/N V1w ('), B~ )N (wlm, 5)du
(' [m"¢("), 3%~ 1+¢( NTSe(x")) (2.3.3)



Chapter 3

Linear models for
Classification

3.1 Intro

In classification settings, generally, there are two types of models: discriminant
model and generative model.

3.1.1 Discriminant models

Given a dataset, we're going to find a hyperplane to classify the data. In statis-
tics view, we're finding distributions P(x € Cg|z,w). Generally, we would like
to use the following form to model the probs:

P(x € Cilz,w) = f(wiz) (3.1.1)

where f is called link function or activation function.
Then, the likelihood is

P(D|w) = HnN:IHszlpizk (3.1.2)
where, P, = f(ngn) and I, = 1if x, € C ; else 0 (3.1.3)

We fit w by MLE, which is equivalent to

wmn&) E(w ZZInkloank (3.1.4)
Vo, E(w Z ’”f (3.1.5)

And we update the params by:
witt = wh — aVy, E(w) (3.1.6)

J

The former objective function is also called Cross Entropy, with a more popular
2-D case (binary classification) as following:

E(w) ==Y {(1 = yn)logpn + ynlog(1 —pn)} (3.1.7)

n
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3.1.2 Generative models

Different from discriminant ones, generative models are modeling the data by
fitting P(z|Cy,w).
As,

P(z|C,w)P(Ck)
P(z|w)

P(z € Cylz,w) = (3.1.8)
we're going to model P(z|Cj,w) and assign a prior for Cj, instead of model-
ing P(z € Cg|z,w) itself. For example, we could use Gaussians to model the
generative process, i.e. P(x|Cy,w) = N(x;uk, > ), and params are fitted by
maximizing the likelihood as well.

3.2 Fisher’s Discriminant model

Main idea: min within-class deviations and max between-class deviations.
For 2 classes case(C1, Cy), given D = (x,,yn), define,

1
Mg = > Ty k=1,2 (3.2.1)
Nk neCly
my = wlmp €R (3.2.2)
1
Sk = A (Yn — mn)? (3.2.3)
k neCly
Then,
(m1 —my)?
J = 3.2.4
max () : = 2 (3:2.)
_ OJT(Tle — ’rflg)(ml — Tﬁg)Tw (3 9 5)
WT[ZI@ Nik ZnECk (w7 — mig)(Tn — mk)T]W
wl Spw
D= 3.2.6
wT Syrw ( )
Let J(w) = 0, then:
wl'SpwSww = w! SywwSpw (3.2.7)
and notice that w” Spw and w’ Sy w are scalars, then we have
w oc Syt Spw o St (g — 1ig) (3.2.8)

And finally, we could assign z"¢% € Cj if w?2"®" > vy, where yy could be
modeled by a gaussian.
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3.3 Logistic and it’s variants

3.3.1 logistic

For 2-classes case, following the settings in [3.1.1] we select the sigmoid function
as activation. By and o'(z) = o(z)(1 — o(x)),

VE(w) = — Z(yn —o(wlzy))zp, (3.3.1)

n

Then, w is estimated by gradient descent.

3.3.2 IRLS

To accelerate the training process for any like model, we would like to

use a 2nd order optimization algorithm, i.e. Newton-Raphson, which solves the

fixed point problem f(x) = z by an iterative algorithm 2% = z°ld —

f,, |£E :L.old
Thus, we first compute the Hessian matrix for each param w:

H(wj) = VV,,E(w) (3.3.2)
_ v Z ]I?J f (W) (3.3.3)
= Z {fﬂ W xn) nj (f,(wfxn))2}xn$£ (3.3.4)

Then, each param is updated by:

UJ;+1 = W; —_ H(w])_lvw]E(w”w:wf (3.3.5)

3.3.3 Multiclass logistic

Instead of simple sigmoid activation, we use softmax as the activation function
when dealing with multiclasses, which is:

exp(a)

P(z € Cylz,w) = W (3.3.6)
where, a = o(wi ) (3.3.7)
According to [3.1.1] it’s easy to derive that:
Vo, Bw) = — Z(tnj — P,j)xy, (3.3.8)
Ve Vo, E(w ank Iij — Ppj)pal (3.3.9)

3.3.4 Probit Reg

In logistic settings, we use sigmoid or softmax as activations, which might en-
counter some issues when outliers arising. In details, when the input x lies on
the tails, i.e. xlim 400, the prob would be close to 1 with exponential speed,
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which might effect the training process a lot if the label is incorrect. Thus, we
use an alternative activation as follows.

In a 2-classes case, We would like to find a threshold, such that y = 0 if
a > 0. Thus, given the density of 6, say, p(6), P(y =1) = ffoo p(6)do.

Indeed, let p(0) be a standard gaussian, then

o(wlz)

Py =1l|z,w) = / N(6;0,1)do (3.3.10)
o(wlz) 2

-/ \/%e:z:p(f%)dﬂ (3.3.11)

= d(o(w'x)) (3.3.12)

Solving this by GD...

3.3.5 Bayesian logistic Reg

In addition to simple logistic, we adopt the Bayesian framework. By [3.1.2] and
given prior P(w), we compute the posterior as follow:

P(w|D) = %P(D|w)P(w) (3.3.13)

Then, we estimate w by MAP:

WwMAP — argmin P(w|D) (3.3.14)

= argminlogP(D|w) + logP(w) (3.3.15)

Then, wMAF could be easily computed by any optimization algorithm, e.g. GD.
However, the posterior is intractable, as computing the factor Z = [ P(D|w)P(w)dw
is hard, or even impossible.

To make the posterior tractable, we approximate it using Gaussian, i.e.
Laplacian Approximation. We first choice the prior as P(w) = N(w;mog, So).
Then, apply Laplacian Approximation using Since wMAP is a maximum
of posterior, then VP(w|D)|,—,mar = 0. Then,

A= —VVliogP(w|D) = S;* — VVP(D|w) (3.3.16)

And we approximate the posterior as P(w|D) ~ N(w;wMAP A~1)
e.g. for 2-classes case, A =Sy '+ P,(1— P,)z,al



Chapter 4

Kernel methods

4.1 Intro

To include more nonlinearity into our models, either regression or classification,
we’re going to introduce the concept of "kernel” in this section.
Beforing giving the definition of kernel, we first review the following concepts:

Definition 4.1.1 (Metric). a function D is called a metric on X, if Va,y,z €
X, it satisfies that:

e D(z,z)=0

e positivity: D(z,y) >0

o symmetry: D(z,y) = D = (y,3)

e triangle inequality: D(x,z) < D(z,y) + D(y, z)

Definition 4.1.2 (Metric Space). A space, e.g. of X, equipped with a met-
ric/norm, e.g. a distance function d, i.e. (X,d)

Definition 4.1.3 (Inner Product). < z,y >= /D(z,y),Vx,y € X

Definition 4.1.4 (Inner Product Space). A metric space, whose metric/norm
is defined by an inner product < -,- >, i.e. (X, /<-,->)

Definition 4.1.5 (Complete Space). A metric space X, where for each x € X,
exists a sequence {x, 1, such that lim, o ¢, = .

Definition 4.1.6 (Hilbert Space). A complete Inner Product Space correspond-
ing to the norm given by /< -, >3, noted as H(X, || - )

Follow the previous reviews, a kernel is defined as follows:

Definition 4.1.7 (Kernel). A function k : X x X — R is called a kernel, if
there exits a Hilbert Space H and a map ¢ : X — H such that,

Vo, o' € X, k(z,2') =< ¢(x), p(z') >

13
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Thus, kernel is the inner product on a Hilbert Space, which represents the
inner-product of feature map ¢.

Then, we're going to provide that k is a kernel if it is a symmetric and
semi-definite positive function, i.e.

k(z, 2" = k(2/,x))

Vo, 2 € X,
o {k(ac,x)ZO

Definition 4.1.8 (Positive semi-definite function). A function f is called pos-
itive semi-definite, if

ZZaiajf(xi,xj) >0,Vn > 1,Ve;,z; € X,Va, € R (4.1.1)
i=1 j=1

Lemma 4.1.1. All kernels are positive semidefinite functions.

Proof.

ZZO&Z‘O{]‘]{?(JJ%IJ‘) = Zzaiaj < ¢($1)7¢(gj]) >Hk

i=1 j=1 i=1 j=1

=< Y aid(@), Yy ab(s) >u
i=1 Jj=1

= > cig(ai)lz, =0

i=1
O

Definition 4.1.9 (Reproducing Kernel and RKHS). let H be a Hilbert Space
of functions: f: X - R, k: X x X = R is called a reproducing kernel if:

o Vo e X k(,z) eH
o Vx e X,VfeH, < fk(,z) >yu= f(x)

If H has a reproducing kernel, it is called a Reproducing Kernel Hiltert Space,
RKHS.

Thus, any reproducing kernel is also a valid kernel with the feature map
¢: X = k(- x).

Proof.
k(z,2") =< k(-,2"),k(-,2) >n=< ¢(x), p(z") >y
O

Theorem 4.1.2 (Moore-Avonszajn). Every positive semidefinite function k :
X x X — R is also a reproducing kernel with a unique corresponding RKHS.
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Theorem 4.1.3 (Representor Theorem). There is always a solution to

* = in R Q 4.1.2
7 =arg min B(f) + Q] f]l.) (4.1.2)

that takes the form:
f —Zan @), an € R (4.1.3)

Proof. Suppose f is one of a minimum and f; is the projection of f onto subspace
spank(-, xn),n =1,..., N, such that: f = fs+ f1

= 150, = 1 fsllBu, + 103 > sl
= QlIf:ll3,) < Q(lf113.)

Besides,
f(xn) =< fak(’axn) >y, =< fs + fLak(' xn) >y
=< fs, k(-,2n) >n,= fs(@n)
:> L(yn) f(xn)7 mn) = L(y’n7 fS('Tn)axn)
= R(f) = R(}.)
Thus, fs is also a minimum. O

4.2 Example of kernels
1. Gaussian Kernel:

k:(amx)—exp{ 1 K(z,z)+ K(z',2')) — 2K (z,2')}

where K is any other valid kernel and thus the Gaussian Kernel is not
restricted to Fuclidean Space.

2. Kernel for sets:
k(Ay, Ag) = 21410 42]

3. Kernel for probs:
Zp x|i)p(z'")p (i)
or = /p(x|z)p(x'|z)p(z)dz

4. Fisher Kernel:
Given a generative model p(z|0), the Fisher score is g(6, x) := Vglogp(z|0).
Then the kernel is defined as:

k(z,2") = g7 (0,2)F g0, 2)
where F' is the Fisher Information, F = Ex[g(0,z)g” (0, )]
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5. Sigmoid Kernel: k(z,2’) = tanh(aT 2Tz’ +b)
6. Matérn Kernels(also called Matérn covariance):
L(v)2v—1* |

where [ > 0, K, is a modified Bessel function and I is the gamma function.
And when v = s+ %, the corresponding Hilbert Space is a function space
of all s-times differentiable functions. And especially,

V2u

k(z,2") = 36—33/”2)”}(1/(7”1'_95 2)

(a) v =5, k(z,2') = eap(—7llz — a'2)

2
(b) v =3, k(z,a') = eap(1 + |z — a'||2)ewp(— 2| — a'|2)

4.3 Kernel constructions

1. Mapping between Space: k(A(z), A(x')), with A: X — X
2. Sums of kernels: ), k;(x, ")
)

3. Products of kernels: k((z,y), (¢'),y') = kx(z,2"))ky (y,y’) and moreover
k(z,a') = ky(z, 2" )ka (2, 27)

4.4 Kernel Regression: Nadaraya-Watson Model

Let’s model the joint distribution as

N
1
T,y) = NZfe(x—xmy—yn) (4.4.1)
n=1
where f is a function(some prob density) with param 6, then
Jyp(z, y)dy
Eymz/ypyxdyzi 4.4.2
i) = [ apiylayy = AL (142)
_ Sona JYfel@ — wy — yn)dy (4.4.3)
Yoy [ fo(@ = sy — ym)dy
Suppose [yf(z,y)dy =0 and let g(x) := fj:oo f(x y)dy, then
Ely|z " Un 4.4.4
‘ Z E g T — xm) ( )
Therefore, the prediction has the form:
Ely|z] = Zk T, Tn)Yn (4.4.5)

where the kernel is k(x, z,) = %

e.g. let fo = N(o,02I)

4.5 Representing Probability Distributions with
Features



Chapter 5

(Gaussian Process

In the perspective of Bayesian nonparametric approach, we treat the prediction
function f as the random variable taking values in an infinite-dimension space
of functions, i.e. given prior over functions f € F and compute P(f|D)

By Bayesian,

P(fID) o< P(f)P(D|f) = P(f/)IGZ, P(yil f (:)) (5.0.1)

which means that only require f to be evaluated at data points! And we could
just define a stochastic process on the joint distribution of (f(z1),...f(x,)) for
all possible inputs.

5.1 GP Regression

Definition 5.1.1 (Gaussian Process). A GP is a stochastic process whose ele-
ments are jointly Gaussian:

f(l’l) m(zl) k(xl,:rl) . k(xl,xn)
e (0 T I T DI GR B
fzn) m(x,) E(xn,z1) ... k(zp,x,)

where m is the mean function, k is the covariance function, and they are all
deterministic. And since k must be semidefinite positive, it’s a kernel in Hy!

To simplify, consider a zero mean function: f ~ N(0, k).

e Gaussian marginals and conditions:
Let Z ~ N(u,X), by blocking:

A 11 Y11 Y12
Z = 5 = E =
{ZJ a [Mz} {221 222]

=p(Z1) = N(Z1; 11, %1)
p(Z2) = N(Za; pi2, X2)
p(Z2|Z1) = N(Zas pa + 1 S77 (Z1 — 1), oz — 201577 S12)

17
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Suppose y; are independent, let y|f ~ N(f,02I), where y = [y; . yn]T Let
(Kacx)ij = k(xi,xj), (Kx/x/)ij = k(CC/ .I/-) and (Kx’ac)ij = k(x;,xj) Then

i)
f(z1) f(@h)
f= : ~ N0, Kp), [/ = g ~ N(0, Kpror)
f@n) fzn)
f/ 0 K;c’:c’ Kac’ac
= M ”N(M ’ {K Koot 021
Proof.
Cov(f',y) = Cov(f', f + oe) with e ~ N(0,1) (5.1.2)
=E[f (f +o¢)T] (5.1.3)
=E[f'fT] = Kps (5.1.4)
O

By Gaussian conditions,
'y~ N(Kpo(Kpp + 021y, Koy — Kpro(Kpw +0%1) ' Kpp)  (5.1.5)

And it is noticable that the mean term K, (K. + 021)’1@/ is exactly the result
of Kernel Ridge Regression with A = ¢2!
In Bayesian perspective:

1. prior: f ~ GP(0,k)
2. likelihood: w;|f ~ N(f(x;),0?)
3. posterior: fly ~ GP(Mypost, kpost), where

Mypost () = KG (2)(Kuw + 1)1y
kpost(z,2") = k(z,z") — KT (2" (Kpp 4+ 01 K, ()
K, (z) = [k(z,z1), ..., k(x,xn)]T

For hyperparameter selection, we perform MLE on evidence. e.g. given
0 = (v,0?), where v is a param of kernel k,,, then

p(D6) = [ (D, 1lo)r
~ [ o011 00(r10)f
— [ N F@) DN G0, KD = N 0K, 1) (5.00)
Thus, we could optimize the params by

1 1
max_logP(D|0) = —§|K,, +o%I| — in(K,, + o)ty + const  (5.1.7)

0=(v,02)



CHAPTER 5. GAUSSIAN PROCESS 19

5.1.1 GP vs linear regression

To discover the relationship between Gaussian Process and linear regression, we
have to notice that(from last Chapter), the optimized linear regression model
f(x) = wT¢(x) is equivalent to:

N
f@) = and(an)" ¢(x)

It is easy to extend it to a Kernel linear regression, where a kernel function
is defined as an inner-product of feature map in a Hilbert Space, k(z,z') =<
o(x), p(x') >%. And there is no restriction about the feature map, which means
we are going to consider an infinite feature map function, and what we need to
do is just defining a valid kernel.

Thus, a GP is equivalent to a linear regression model with infinite basis func-
tions!

Moreover, GP(0, k) is equivalent to the Kernel Bayesian Regression model with
0 mean prior.

Thus, the performance of a GP(0, k) model is well guaranteed. To improve
its performance, specifying the mean function would be helpful, which might
reduce the variance of the predictions:

NAVILGATE wue | Anauree

K
] o0 ¢ Figure 1
d File Edit View Insert Tools Desktop Window Help ~| File Edit View Insert Tools Desktop Window Help

+aDcde @ 0B K [E Dadse @ 08 KE

mix=0 . : : mix)=x

.
R e ] |

Figure 5.1: left: GP(0, k); right: GP(x, k)

Besides, we could specify a parameterised mean function, say m,, and we
could jointly train the parameters by MLE:

1 1
. {nax 2)logP(D|0) = —5\KV—FGZI\—i(y—mv(m))T(Ku—HfQI)*l(y—mq,(x))—kconst
=(yw,o
(5.1.8)

5.2 GP Classification

5.2.1 (General case

To obtain categorical responses. we use link function 1 = [t1, ..., x]T to trans-
form GP outputs, i.e. p(y = k|f(z)) = ¢r(f(z)). Recep that f ~ N(f;0,k)
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and f'|f ~ N(f's Koo K f, Kprwr — Koo K K ), We aim to compute
w1D) = [ als'. 11D
— [wr10wr1D)df (5.2.1)

And
p(f1D) o p(D|f)p(f) = p(f )Lty (f (a;)) @ =H) (5.2.2)

To compute p(f|D), we use Laplacian approximation:

Inp(f|D) =Inp(f)+ ZZ (y; = k) Inpsip(f(x;)) + const  (5.2.3)

Vinp(f|D) = f+ZZ]1 k)Y In by (f(2:)) (5.2.4)
VVInp(f|D) = —Kgu + Z Z k)Y In g (f(2:)) (5.2.5)
A=-VV hlp(f‘D)bc:flwAP (526)
Then, we use V Inp(f|D) to optimize and find fM4F. And thus
p(fID) ~ N(f; fM47, A7) (5.2.7)
Therefore,

WD) = [ plr 001D
/N f K:c :cK fv x'x’! _Km’zK;lexz/)N(f;fMAvail)

= N(f'; Koo K MY Koy — Ky AT K 00) (5.2.8)

5.2.2 Example - Binary case

For binary responses(-1/41), we select sigmoid o as link function, which is
p(y = +1|f(z)) = o(f(x)). Then following the previous subsection:

Inp(f|D) =Inp(f) + Zln o(yif(x;)) + const (5.2.9)
Vinp(f|D) = =Kz, f + gy (5.2.10)
(9f)i = o(=yif(xi))yi (5.2.11)
VVInp(f|D) = —Kyz — Dy (5.2.12)
Dy = diag(o(f) o o(f)) (5.2.13)

p(fl|y) (f Kx xK fMAP Kz Tz’ _Kz’z(Kmx+DfA4AP)_1Kzz’)
(5.2.14)

5.3 Large-Scale Kernel Approximation

In GP regression or classification, it is usually expensive to compute the inverse
of a n x n matrix, when the sample goes large. To avoid the O(n?®) computation,
scalable methods are necessary.
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5.3.1 Low Rank Matrix Approximation

In GP regressio we need to compute (K, +02I)~! which scales to O(n?).
To avoid this, we approximate K., with Q € R™*™,m << n,

Ko ~QQT (5.3.1)
Apply the matrix inversion lemma:
(QQT +0°1) ™ = 6°T — 0°Q(* T+ Q7Q) ' Q" (5.3.2)

And thus, the computation of 77 is O(m?) << O(n?)

5.3.2 Random Fourier Features

Recap that in Ridge Linear Regression, w = (A[+®7®)®y, where ® = [¢(x1), ..., d(x,,) €
R™*™]. Therefore, once we figure out the feature map¢, the computation of
parameters goes to O(m3). And thus the computation of Kernel Linear Re-
gression is min{O(n3),0(m?3)}. And RFF performs a Fourier Transform on the

kernel to approximate the feature map.

For V stationary kernel, i.e. k(x,2") = k(z — 2').

Theorem 5.3.1 (Bochner’s theorem). A continuous shift-invariant kernel k(x,y) =
k(zy) on RE is positive definite if and only if k(5) is the Fourier transform of
a non-negative measure.

Given a non-negative measure p(w)(a prob density), we define the kernel as:

k(d) = /p(w)exp(iné)dw (5.3.3)
= E,[exp(iw’0)] (5.3.4)
To approximate the kernel with dimension m:

2k(0)

k(z,2") = k(0) =

Z cos (@] z + f)j)cos(@]rx' + b)) (5.3.5)
j=1

with b; ~ U(0,27) and &; ~ p(w)
Thus, we approximate the feature map ¢ as:

6(x) ~ oo () = Q’jflm [cos(@Ta + br), .. cos(@Tz + 5T (5.3.6)
k(x,2') = kp(z,2") = ¢ ()T dpn () (5.3.7)

For more details about RFF: https://gregorygundersen.com/blog/2019/1
2/23/random-fourier-features/#al-gaussian-kernel-derivation


https://gregorygundersen.com/blog/2019/12/23/random-fourier-features/##a1-gaussian-kernel-derivation
https://gregorygundersen.com/blog/2019/12/23/random-fourier-features/##a1-gaussian-kernel-derivation

Chapter 6

Sparse Kernel Machines

6.1 Support Vector Machine

6.1.1 Duality in Convex Optimization

Given a optimization problem:

min fo(z) (6.1.1)
st.fi(x) <0,i=1,...n
hj(z)=0,7=1,...,m

The Lagrangian is defined as:

Definition 6.1.1 (Lagrangian). L(z, A, v) = fo(z)+>_; Aifi(2)+>2; vih;(x), Ai
0

To optimize the primal problem, we set:

0,u<0 0,u=20
I,(u) 7IO(U)
oo, u>02>0 oo, u # 0

Let f(z) := folx) + i I-(fi(z)) + >, Lo(hj(z)) Then, it is clear that the
optimal value p* is achieved by:

p" = inf f(z) (6.1.2)
Besides,
z) + ZL(ﬁ(w)) + Zfo(hj ()
+Zsup/\fl +Zsupyjfj z)
= sup {fole ZA fila Zva

= sup L(z,\,v) (6.1.3)
A>0,v

22
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Thus,
p* =inf sup L(z, \,v) (6.1.4)
T A>0,v
which is a minmax problem. But it is unsolvable!
To solve the primal problem, we consider constructing a dual problem and
solve it instead. And it is natural to think about sup,- , inf, L(z, A, v), which
is of the maxmin format. Let g(\,v) = inf, L(z,\,v)

d* = sup inf L(z, \,v) (6.1.5)
A>0,0 T
= sup g(\,v) (6.1.6)
A>0,v

But it is noticeable that inf, sup, , L(x, \,v) > sup, , inf, L(x, A, v), which
means that the result computed by optimizing the dual problem is a lower bound
of the primal problem. Thus, solving the dual problem would not get a better
solution. And p* — d* is called optimal duality gap. If the duality gap is 0, i.e.
p* —d* =0, a strong duality holds.

Definition 6.1.2 (K.K.T conditions). The K.K.T conditions for a given convex
optimization problem is that:

filx) <0,i=1,...n

hj(z)=0,7=1,....,m

A >0i=1,..,n

Aifi(z) =0,i=1,...,n

Vi) + Y NV fi(z*) + > viVhi(a®) =0
( J

Theorem 6.1.1. If objective function is differentiable, and constraint functions
satisfy Slater’s Condition(i.e.3x* € inf f such that f;(z*) < 0 and h;(z*) = 0),
then

K.K.T conditions hold <= global optimality exists

Proof. Here’s an informal proof, but could give a hint why this theorem comes.
If strong duality holds:

fo(@™) = g(\",v")
= ir;f fo(z) + Z)\ffz(x) + ZV;hj(m)

< folz®) + Z A fi(a®) + Z vihy(x)*
< fo(x™)
:>Z/\jfi(x*) =0

<=\ fi(z*) = 0 (Complementary Slackness)

{A; > 0= fi(z") =0

fi(z") < 0=\ =0 (Complementary Slackness)
i\T o=
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Besides, since zx is an optimality, then
vf(x”l:ab* =0
—Vfo(z") + ZAfol(x*) + Z Q;th(a:*) =0
i J

Above all, that’s why K.K.T conditions come. O

6.1.2 SVM for classification

Linear-seperable case

When the data is linear seperable, we’re going to find a hyperplane such that
9 =1if wTz +b> 1. To find the best hyperplane, we’re going to maximize the
margin, i.e.

2

max ——
wb ]l

stoyiwle; +0)>1,i=1,..,n
1
<:>mil£1§HwH2 (6.1.7)

stoyiwla; +b)>1i=1,....n

Non-linear-seperable case

If the data is not linear seperable, we have to allow a certain number of errors,
by adding a 0 — 1 loss term:

] 1 ) n .
Iiugliﬂw” + CZ 1(y;(w” z; +b) < 0) (6.1.8)

i=1

where C' controls the trade-off between maximum margin and loss. However,
0 — 1 loss is nondifferentiable at 0, which might cause inconvience in GD-based
optimization methods. To solve that, we use Hinge loss instead:

Definition 6.1.3 (Hinge loss).

h(a):(1—a)+{1_a’ ifl—a>0

0, else
Thus, the primal problem becomes:
1 2 - T
min o ew]* + C;h@i(w i +D)) (6.1.9)
1 -
<:)ur)n;ré§||w||2+C;§l (6.1.10)

£&>0

{1 —yi(whz; +b) <&
s.t.
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which is called ¢-SVM. Then, the Lagrangian is:

L(w,b,§ a,\) = %HWH2 +CY G+ ai(l—yi(wTai+b) = &)+ > M-

i=1 i=1 —1
(6.1.11)
and,
oL
% —w—Zazny, =0= w" —Z%yzxz
=1
L
L
gg :C—ai—)\i:OZai:C—)\i

Inputting w*, b* and £* from [6.1.12|to g, we get

gla, A) = % Z Zaiajyiijzrxj + Zai - Zaiyi(z oy
i i i j
n

=D ai- %Zzai%yz‘yﬁc% (6.1.13)
i=1

i=1 j=1

Combing the conditions from [6.1.12

maxg a, \) Zal iiaiajyiijij (6.1.14)
23 j=1
Z a'Ly’L - 0

s.t.

This optimization problem could be easily solved, as it is a constrained quadratic
optimization over a!
After that, the optimal params are obtained by:

n
e
i=1
b* = l — w*Tx;, for any margin support vectors, i.e. those 0 < oy < C
g (6.1.15)
Definition 6.1.4 (Support vectors).
1. Non-margin support vectors: a; = C >0
2. Margin support vectors: 0 < a; < C

3. Non support vectors: a; =0

By this definition, it is clear that params of SVM are only determined by
support vectors!
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Kernel SVM

To include nonlinearity, we combine SVM with kernel method. Suppose the
response function is given by f(x) = wT¢(x) + b, instead of wTx + b. Following
the notion in Chapte given a kernel function k, note k(z,2') = ¢(x)T ¢(a’),
K € R™™ and K;; = k(z;,z;). Following the same procedure in the former
subsection, we get:

g, A) = Zai - %Z Z%Oéjyiyj¢($z‘)T¢(xj)
=1

i=1 j=1
n 1 n n
= Zai -3 Z ZaiajyiyjKij (6.1.16)
i=1 i=1 j=1
W=t yid(as) (6.1.17)
i=1
f) =) ayik(z, ;) + b* (6.1.18)

=1

6.1.3 SVM for regression

Similar with SVM for classification, in regression task, SVM use another error
function E.(«), which is called e-insensitive error function.

Definition 6.1.5 (e-insensitive error function).

E.(a)= { 0, 4ol <e (6.1.19)

la] — €, else
Thus, the optimization problem becomes,
N S, . -
min 5l +C§Ee(w B(w:) +b— ;) (6.1.20)

By introducing the slack variables & and é , then the previou problem is equiva-
lent to

1 n .
iné%§||w||2 +CY (G+&) (6.1.21)
™ i=1
£& >0
&> 0
S.1. .

& > WT(?(%:) +b—y —¢
&>y —wlo(z) —b—e
(6.1.22)
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g L(wvbagaéaaadv)\a 5‘) = %“(“}”2 + CZ(&l +éz) - ZAzgz - Zj‘lél
—&—Zal dlx)) +b—y; —e—&)
—&—Zal yi —wlo(z) —b—e—&)  (6.1.23)
oL
0 =Y + zi:(%‘d)(xi) - Zi:di¢(xi) =0

oL
6b_z o =) =

= (6.1.24)
oL
a& —C—ai—)\i—O
9L _ ¢ & —Ai=0
9&i
By combing [6.1.21] and [6.1.24]
R 1 n n A .
gla, &, A A) = D) ZZ(O% G;) (o — G;) K
i=1 j=1

- Z(ai — Gy ¢ Z(ai + &) (6.1.25)

w* = Z(a — ;) p(xs) (6.1.26)

(6.1.27)
By K.K.T conditions,
oi(f(zi) —yi —€—&) =0

iy — f(w;) —e—=&) =0
Ai&i = (C — ;)6 =0

ANibi = (C—@)& =0

(6.1.28)

By K.K.T conditions,
1. ifa; #0 = f(a;) —yi —e— & = 0= f(x;) —y; — € > 0, which means
that the data point lies on or above the uppper boundary of e-tube

2. if &; # 0, similarly, the data point lies on or below the lower boundary of
e-tube
3. if oy = &; = 0, the data point lies within the e-tube
Thus, the support vectors are those a; # 0 or &; # 0. And for 0 < a; < C, by
K.K.T, & =0. Then f(z;) —y; — € = 0 and thus,
bV =y +e—wTo(x;) (6.1.29)

And thus the predictive function is

n

fl@) = (65 — ai)k(z, ;) + b* (6.1.30)

=1
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6.2 Relevance Vector Machines

1.output are decisions, not posterior
cons of SVMs < 2.2-classes for classification
3.hyperparam C
=—RVM: A Bayesian sparse kernel technique.

6.2.1 RVM for Reg
Intro
Suppose
p(ylz, w, B) = N(y|f(2), ")
f =0

with M
flz) = sz¢z(w) =w'¢(w)

28

(6.2.1)

(6.2.2)

Similar with SVM, we form f(x) as a linear combination of a kernel function

evaluating at each pair (x,z;):

N
f(x) =wo + Zwik(x, z;),w e RN+
=1

We then obtain the likelihood:
p(Dlw) = T, N (yil f(2:), 571
Besides, assign a prior for w:
p(wla) = N(w|0, diag(a; "))
By and we have posterior:
p(w|D,a, 8) = N(w|m, %)

m = XKy
with
{ Y = (diag(a;) + BKTK) ™!

and evidence:
p(Dle, f) = N(ylo, 11 + KT diag(a; ) K)
Hyperparam Optimization
To optimize « and 3, we maximize the evidence:
B = argmax p(Dla, )
«,

= arg maﬁx log p(D|ex, B)

1
= argmax fi(log IO +yTC™1y)

where C is the covariance matrix of evidence: 8711 + K diag(a; ')K.

(6.2.3)

(6.2.4)

(6.2.5)

(6.2.6)

(6.2.7)

(6.2.8)

(6.2.9)
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Relevance vectors

Similar to SVMs, if w} # 0, then z; is called relevance vector.

Prediction

p(y/|x/,D,oz*,B*) = /p(y/|w,x’,ﬁ*)p(w|D,a*)dw

/ N/ £ ('), 8N (w]m, T)dw
=N/ |m"Kpp, B + KL SK,,)

6.2.2 RVM for clf
Let,

p(y = klz,w) = fr(z,w) =

Zj a;

N
with aj, = Zka:(m, x;) + wo

=1

29

(6.2.10)

(6.2.11)

(6.2.12)

(6.2.13)

(6.2.14)

and we use the same prior for & as RVM Reg6.2.5] then the likelihood is:

p(D|w7 «, 5) = HilvzlnkK=1fk($n’ w)ynk

and log-posterior:

log p(w|D, a, B) = ZZynklogfk(z w +Zlog]\7 w;0, a; h

n k Jj=1

(6.2.15)

(6.2.16)



Chapter 7

Graphical Models

Definition 7.0.1 (Graph).
1. DAG: directed acycle graph, leads to Bayesian Net
2. UG: undirected graph, leads to Markov Random Field

7.1 Bayesian Network

7.1.1 Intro

Given a graph (G, X) with N nodes, we could compute the prob of this graph
by:

p(X) = I p(aalpan) (7.1.1)
with pa, = {ala is a parent of x,} (7.1.2)
e.g.

Figure 7.1: DAG

P(Il, ceey 3?7) = P(.%‘l)P(l‘g)P(l‘g)P(x4|$1, o, CL‘3)P($5‘$1, $3)P($6|$4)P($7|$C47 .%‘5)

7.1.2 Sample from graph

To sample nodes in a graph, we could sequencially sample the parant pa,, first,
then x,|pa,

30
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7.1.3 Num of params, example of discrete variables

suppose there are K states for each node, then

fully connceted net: #params = N¥ —
For < isolated net: #params = N(K — 1)
chain: #params =K — 14+ (N - 1)K(K — 1)
7.1.4 Linear Gaussian Models
p(x;|pa;) = N (x| Z wi;x; + bi, v;) (7.1.3)

JEpa;

7.2 Conditional Independence

N e W

) tail-to-tail ) head-to-tail (¢) head-to-head

Figure 7.2: Conditional independence

¢ is tail-to-taill = a L b|c
¢ is head-to-tail = a L b|c
c is head-to-head = a [ blc, ( but a L b)

7.3 Markov Random Field

Definition 7.3.1 (Markov Random Field). Markov Random Field(MRF), also
called Markov Net, is an undirected graph model.

Definition 7.3.2 (Clique). Given a UG (G,X), a subset X C X s called a
clique, ZfVi‘“i‘] eX, & 53]‘

Definition 7.3.3 (Maximum clique). A clique is called a mazimum clique if
adding any other node into this clique makes it no longer a clique.

Suppose C' is a set of maximum cliques of an undirected graph G, then,
1
p(X) = chwc(Xc) (731)
7 = / M. (X.)dX (7.3.2)
x

where 9(-) is a non-negative potential and usually,

/‘/)(Xc) = exp(_E(Xc)) (733)
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where F(-) is called energy function. Thus,

p(X) = Zeap(~ 3" B(X.) (7.3.4)

7.4 Inference in Graphical Models

7.4.1 Inference on a chain
Given a chain with nodes {x,}_,, by Bayesian Net,
1
P(X) = 21,/}12(331,I2)...1/JN_17N($N_1,£ZZN) (741)

To compute the marginal P(x,,),

.Tn = ZZ Z Z Zd)lQ ‘r17x2 Pp— 1n(1'n 173771) (742)

Tn—1 Tn+1

*{Z Z Y12(z1,22) - Pn—1,0(Tn-1,7n)} (7.4.3)
{Z ~-~Z¢12 (Tnt1:Tng2) - YN_1,N(TN_1,ZN)} (7.4.4)
*{Z Un—1.n(Tn-1,%n)- Z%s (x2,3) Zibu (z1,22)]]} (7.4.5)
{Z Unt1n42(Tntt, Tnga). | Z Yn_1,N—2(N_1, $N72)[Z Yn_1n(@N—1,2N)]]}
- o ) (7.4.6)
let,
Z Yn—10(Tn-1,Tn)- 27/123 (z2,23) 27/112 (z1,22)]]  (7.4.7)
pg(Tn) = Z Vnt1,n+2(Tnt1s Tnt2)- ZiﬁN LN (@N-1,7N)] (7.4.8)

then, the calculation of marginal is given by the forward-backward algorithm:

1
P(zn) = - pia(zn)ps(n) (7.4.9)
= Z wnfl,n wnflaxn)/v’fa(xnfl) (7410)
s =Y Unnt1(@n: Tng)fha(Tnt1) (7.4.11)
Tp41
P(wn—lzxn) = Ma(xn—l)wn—l,n(xn—ly xn)//cﬂ(xn-&-l) (7412)

7.5 Inference on Factor Graph

Given a graph with two type of nodes: original nodes(called nodes) and factor
nodes(called factors, is a function), where each nodes are associated via factors.
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Thus,
P(X) = Hsfs(Xs)

where f; is a factor and X; C X represents nodes associated with fs.

e.g.

fa fo fe fa

Figure 7.3: Factor graph

P(x1,29,23) = fo(1,22) fo (71, 22) fe(22, 73) fa(3)
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(7.5.1)

Given a tree structure factor graph, a joint distribution could be expressed

by the product of factors which are its neighbors, that is

P(X) = Hsene(z)Fs(anS)

(7.5.2)

where ne(z) indicates factor nodes that are neighbor to x. Then the marginal

1S:

P('r) = Z HsEne(a:)Fs(xvxs)
X\z

= HSGne(m) ZFS(‘T7XS)
Xs

Define,
Mfsﬁﬂi(x) = ZFs(ans)
Xs

Let X = (z1,...,20), and notice that Fy could be decomposed by

Fs(zst) = fs(l'vXs)Gl(zlaXsl)---GM(‘TMaXsM)

Then,
Nfsﬁm(m) = Z fs(xa XS)Hmene(fs)\xGm(xmv Xsm)
Xs
= Z fs(xa XS)Hmene(fs)\m Z Gm(mma Xsm)

Xs Xsm

Define,
uzmﬁfs(zm) = Z Gm(xvasm)
XS"YL

Also,

Gm(xrru Xsm) = Hlene(zm)\sFl(wm> Xml)

(7.5.3)

(7.5.4)

(7.5.5)

(7.5.6)

(7.5.7)

(7.5.8)

(7.5.9)

(7.5.10)
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Thus,

P(JZ) = Hsene(w)ufs—wt(x)
Hf—ax (.13) = Z fs (Z‘, XS)Hmene(fs)\I/j/Im—)fs (xm)

Mw'ln*)‘fs l‘m Z HlGne zm)\sﬂ(xm7Xml)
Xsm

= HlEne(Jcm)\stz%rm (fm)
with leaf nodes: py_q(x) = f(z) and pp—p(z) =1

The previous procedure is called Sum-Product Algorithm.
e.g. calculating marginal of x4

T To T3
O—a—(0O—a——CO
fa fo

fe
T4

Figure 7.4: Sum-product algorithm example

:u'xl_>fa( ) =1 :LLI3—>fb( ) =1 IU‘T4—>fc(I3) =1
Wfooas(12) = Y fal@1, 22) ey s 5, (21) Zfa T1,T2)

Z1

fify—as (T2) Zfa T2, T3) Ly — fi, (T3) Zfb T2,73)

3
ffosas(12) = > fal@a, 04) ey - 5. (24) ch T3, T4)
x4
p(2) = HsenE(wz)Pstﬁafz (72)
= Hfo—a (x2)ﬁ'fb—>l‘2 (xQ)Mfc—)wz (.’172)

= falwr,22) Y folwa,23) > fo(wa,24)
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(7.5.11)
(7.5.12)

(7.5.13)
(7.5.14)
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EM

8.1 EM algorithm

8.1.1 EM in an optimization viewpoint

In some probabilistic modeling cases, we might encounter hidden variables, like
mixture gaussians, resulting that we have to consider a joint distribution about
the observation and hidden states. For simplification, we assume Z is discrete,
and for continous variable, it’s easy to just change the summation into an inte-
gral. For example, in a maximum likelihood settings,

mgxxlogP(XW) = meaxlog;P(X7Z\9) (8.1.1)

However, even if X and Z could be assumed as variables from exponential family,

the summation inside the logarithm makes the joint distribution intractable.

To solve this problem, an intuition is to switch the log and ", with the form:

maxy ., log P(X, Z|0) which results in a type of algorithm called EM algorithm.
By Cauchy-Schwarz Inequality:

log Y P(X,Z|0) = logz X ZW) (8.1.2)
A

> Z ) log (ZZ)W (8.1.3)

to make the inequality tight, we must have: is constant with the vari-
able Z. While P(X, Z|0) «x P(Z|X,0)P(X|0), then we must have:

P(X,Z10)
Z

q(Z)=P(Z|X,0) (8.1.4)
then we have,
X, 7|0
log P(X|0) > > P(Z|X,0)1 EZ|X|0; (8.1.5)
Z b
P(X, Z|6)
= EZNP(Z|X,9) [log W] (816)

35
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Then, instead of optimizing the likelihood log P(X|0), we optimize its lower

bound:
P(X, Z|0)

PZIX6) (8.1.7)

max Ezp(zx,0 log
resulting to the EM algorithm:
1. initialize @ randomly, i.e. 0(©)
2. sample Z = (Zy, ..., Zyr) from its posterior P(Z|X,0®))

3. E step: compute Q(6,01)) = 3 M log %

4. M step: 01 = argmaxy Q(0,00)

8.1.2 EM in KL-divergence viewpoint

In other perspective, we could derive EM from KL-divergence. First recap the
definition of KL-divergence, which measures the distance between two proba-
bility distributions.

Definition 8.1.1 (KL-divergence).
p(2)
L{q|lp) = Zq )log 277 e (8.1.8)
, KL(q||p) > 0 and it is not symmetric, i.e. KL(q||p) # KL(pl|lq).

And we define Q(q,6) = >, q(Z)log P(ﬁ’zz)le), then,

P(X, Z|0)

P(X, Z|0 _P(ZIX,0)
(7A@ o

Z
Q(q,0) + KL(q||P(Z] X, 0)) (8.1.9)

Notice that KL-divergence is non-negative, then

log P(X[0) > Q(q,0) (8.1.10)
the inequality is tight if and only if KL(q||P(Z|X,6)) = 0, which indicates
q(Z) = P(Z]X,0). And thus,

log P(X6) = QP(Z1X.0).6) = Bypzinllog oor 2] (s.1.11)

(Z]X,0)
Thus, the EM algorithm could be revisited in a coordinate-ascent perspective:

E step : ¢'¥) = arg max Q(q, G(t)) (8.1.12)
q

M step : 04+ = arg max Q(¢™,0) (8.1.13)
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8.1.3 Convergence of EM
From the coordinate ascent viewpoint:
log P(X|0) = Q6" q) + K L(q|| P(Z] X, 6)) (8.1.14)
=Q(0",4") ( )
< QO M) (8.1.16)
< Qo i+, f+1)) ( )
= logP(X|9 ) ( )

thus, the EM algorithm would converge.

8.1.4 EM for Bayesian
In a Bayesian settings, we are optimizing:

max log P(0|X) max log P(X|0) + log P(0) (8.1.19)
Thus, to use EM to optimize the posterior, we just need to modify the M-step

by:
9(t+1) = arg mG&XQ(q(t), 9) + log P(e) (8120)

8.2 EM examples

8.2.1 K-means algorithm

To cluster a set of data into K clusters, given K initial points mq,...mg, we
iteratively update the clusters by:

Sp = argmkin [

which sequentially minimizes the cost function:

c({suc} Ami}) =0 D Ml —ml?

k neCy
And the previous optimization could be viewed as an EM algorithm:

E-step : my, = argmlnc({snk} {m}) = N Z T
neCly,

Mestep s s, = axgminc({sui}, {mi}) = argmin [z, —
Snk
Cons of K-means:
1. hard-allocation: there is no prob distribution about the clustering results

2. Sensitive to initializations: K-means++, which first apply K-means to a
small subset of training data, then use its clusters’ mean as the original
points and start K-means for whole dataset.
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8.2.2 Mixture Gaussians

In mixture gaussians setting, we suppose an observation is formed as:

K

p(z|m p,X) = ZﬂkN(x|uk,Zk) (8.2.1)
k=1

Introduce a hidden state z € {0, 1}¥ indicates the belonging of gaussians, with
>k %k = 1, then

p(z|z =k, pk, X)) = N(z|puk, Zk) (8.2.2)
p(X, Z|m, 1, B) = TN TR (7 N (2, | e, Bk )7 (8.2.3)

Let 0 = (m, 1, X), with z € {0, 1}%:

a(2) = plzl,6) (8.2.4)
x p(x|z, 0)p(z|6) (8.2.5)
= I (me N (@], S )) ™ (8.2.6)

TN (@ | o, i)

= E[an] = p(znk = 1) = Zj WjN(xnI/Jj; Zj) (827)
= Y(2nk) (8.2.8)

Thus,

P(X, 7|0
Q6.0) = Eyzflos o o) (829)
= E,z)llog P(X,Z0)) — H(q(Z)) (8.2.10)
Eyz)llog P(X, Z0)] = By > > znx{log m + log N (|, Tx)}]  (8.2.11)
n k
= ZZ’Y(an){logﬂ'k +log N (2 |k, L) } (8.2.12)
n k
Thus,
(t) (1) ()

E step : 7(2’52) — Tk N(@nlm 2 ) (8.2.13)

525 N (il 2
M step : 90+D) — arg sza)fz) zn: zk:y(zr(f]z){log 7 + log N (2 |k, X)) }

(m,p
(8.2.14)
8.2.3 Mixture Bernoulli
Given data {x,}_,, with x,, € RP. Let,
plalp) = T pg* (1 — pa)' =™ (8.2.15)
consider:
K
plalp, ™) = mp(elu) (8.2.16)
k=1

p(alpn) = Ty g (1 — pga) '~ (8.2.17)
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assign a hidden state z € {0,1}%:

p(zler =1, p) = Hd Vg (1= paga) o (8.2.18)
P(X, Zlm, i) = TN T (i = L)) (8.219)
P(Z|X,m, ) x P(X Z\|m, 1) (8.2.20)

1—
o Eo] = et (=) (8.2.21)

>0 mikGat (1= pja)
Q(0,q) = Byz)llog P(X, Z|m, n)] — H(q(Z)) (8.2.22)
Eq(z)[log P(X, Z|m, )] ZZW’ (2nk){log 7y, +and log pikq

+ Z (1 — Zna) log(1 — pra)} (8.2.23)

Thus, we optimize @ and obtain:

Ny = Z’y(znk) (8.2.24)
X, = 1 Z (8.2.25)
k Nk 7 an L.
i = Xp (8.2.26)
N
i = Wk (by Lagrange, constrainting that )Zwk =1 (8.2.27)
k
then,
() | @na( (t)
E step : v(z (t )) T Pid " va ﬂk?)) (8.2.28)
Z lej‘j:ild( )(1 - /1‘3 )
(t)
M step : 9(t+1) — (Zn ’Y(ant)xn’ Zn ’Y(an)) (8229)
ORTCH IR
8.2.4 Bayesian Linear Reg
In the bayesian linear reg setting, we have
log p(y, w|z, a, B) = log p(y|w, , B) + log p(w]cv) (8.2.30)

with p(y|w, z, 8) = N(y|lwT¢(z), 37 !) and p(w|a) = N(w|0,a~1I). Then the
posterior of w is:

p(w|D, e, B) = N(w|m,¥) (8.2.31)

m= %oy (8.2.32)

Y= (p'eTe o t)! (8.2.33)
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We now consider using EM to optimize the hyperparams 6§ = («, 3):

p(Y,w|X,0)
max Q0,q) = mngEq(w)[log W] (8.2.34)
= max Eq(w)llog p(Yw, X, 0) 4 log p(w|0)] (8.2.35)

= max B[ log N (yalw” ¢(xa), 7)) +log N(w]0,a~11)

(8.2.36)
N 8 M «@ B8 o
= max - log wt log o Eq(w)[§\|Y — dw|* + §wTw]
(8.2.37)

- f{YTY +mTeTdm —2mTeTy + 3} — = Tr )+ Zm

(8.2.38)
thus, we're optimizing:
N M
max Qb,q) = max —- 1og ﬁ + — log‘ g
- é{HY <I>mH2 ] Tr )+ Zm (8.2.39)
and finally we have:
m® = x0Ty (8.2.40)
1 1
@ (¢ - &T -1
20 = (e e+ D) (8.2.41)
¢ (w) = N(w|/m®, x®) (8.2.42)
N
(t+1)
B = e T (8.2.43)
M
ot = (8.2.44)

Tr(3®) + z:i(mgt))2
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